Abstract. The aim of this note is to use elementary methods to give a large class of examples of projective varieties Y ⊆ P d k over a field k with the property that Y is not isomorphic to a hypersurface H ⊆ P N k in projective space P N k with N := dim(Y ) + 1. We apply this construction to the study of the arithmetic genus pa ( 
Introduction
The problem of defining birational invariants for smooth projective varieties has a long and complicated history in algebraic geometry. The geometric genus p g (Y ) and arithmetic genus p a (Y ) of a projective variety Y has been around since the beginning of the study of projectiv geometry and projective varieties. It is well known that the geometric genus p g (Y ) of a smooth projective variety Y over an algebraically closed field k is a birational invariant. The arithmetic genus p a (Y ) of a smooth projective variety Y over k was conjectured to be a birational invariant for many years for various reasons. It was proved to be a birational invariant for smooth projective varieties over k of dimension d ≤ 3 and in the case of curves it equals the geometric genus. The aim of this paper is to give examples of pairs of smooth projective varieties (Y, 
The arithmetic genus is known to be a birational invariant in dimension ≤ 3 (see Corollary 2.9).
Let in this section k be an arbitrary field and let all varieties be of finite type over k as defined in [1] , Chapter I. Let Y ⊆ P n k be a projetive variety of dimension r with Hilbert polynomial P Y (t).
Note: The variety Y is defined using a homogeneous prime ideal
is defined using the graded ring S as done in [1] I.7.5, hence the polynomial P Y (t) depends on the ring S and the embedding Y ⊆ P n k . We use the polynomial P Y (t) to define the arithmetic genus p a (Y ).
The arithmetic genus p a (Y ) is independent of choice of embedding Y ⊆ P n k and is an important invariant of the variety Y (see [2] ). We may in the case when k is algebraically closed use the Euler characteristic χ(O Y ) of the structure sheaf O Y to define it: Proposition 2.2. Let Y ⊆ P n k be a closed subvariety where k is an algebraically closed field. The following formula holds:
Proof. The proof follows from [1] , Exercise III.5.3.
The structure sheaf O Y is independent of choice of closed embedding Y ⊆ P n k . From this it follows p a (Y ) is independent of choice of embedding into a projective space. The calculations in the paper are based on the following formulas for p a : 
Proof. This is Exercise I.7.2 in [1] .
In particular since we may realize P n k as a hypersurface H 1 ⊆ P n+1 k of degree one, it follows p a (P 
Proof. From Proposition 2.3 we get since p a (H d ) = 0 the formula Hence affine n-space A n k is birational to projective n-space P n k . Corollary 2.7. The arithmetic genus is not a birational invariant in general.
Proof. Let H d , H l be hypersurfaces satisfying the conditions in Theorem 2.4. It follows p a (H d × H l ) < 0. Any projective variety X ⊆ P N k of dimension r is by [1] , Proposition I.4.9 birational to a hypersurface H e ⊆ P r+1 k of degree s for some integer s. If the arithmetic genus was a birational invariant in general, we would have
This gives a contradiction since p a (H d × H l ) < 0, and the Corollary follows.
Corollary 2.8. Let P 1 k be the projective line and let H l ⊆ P n k be a hypersurface of degree l, with l−1 ≥ n and n ≥ 4. It follows dim(P 1 k ×H l ) = n. There is an equality
is a hypersurface of degree e and
Hence we get examples of pairs of birational varieties (P
There is by [1] , Proposition I.4.9 a hypersurface H e ⊆ P n+1 k and a birational morphism P 
) be the open subvariety parametrizing hypersurfaces f with Z(f ) ⊆ P n k a smooth variety of dimension n − 1. For any H l := Z(f ) it follows the function field K(Y ) of the smooth variety P 1 k × H l may be described as follows: Let P 
and take the projective closure
. For all i ≤ l there is an ideal I(i) of polynomials in the coefficients of g such that Z(I(i)) defines the closed subvariety
) and its complement U The arithmetic genus p a (Y ) of a projective variety has been around since the beginning of the study of projective geometry and projective varieties. You may find some information on the problem of deciding if the arithmetic genus is a birational invariant in [1] . In [1] Exercise III.5.3 it is proved that the arithmetic genus of a non-singular projective curve C over an algebraically closed field is a birational invariant. In [1] , Corollary V.5.6 it is proved that the arithmetic genus of a nonsingular projective surface S over an algebraically closed field is a birational invariant. For varieties Y where dim(Y ) ≤ 3 it is known that the arithmetic genus p a (Y ) is a birational invariant. Hence Corollary 2.8 settles the problem of determining if the arithmetic genus is a birational invariant in general, since we get counter examples in any dimension d ≥ 4.
We may define the geometric genus p g (X) := h 0 (X, ω X ) where ω X is the canonical bundle of X. For a projective curve C over an algebraically closed field k there is an equality p g (C) = p a (C) (see [1] , Exercise III.5.3). The geometric genus of a projective variety X over a field k is an important invariant for X and p g (−) is a birational invariant. A proof of this can be found in [1] , Theorem II.8.19.
